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The problem of determining the stationary temperature field in a plate 
with a disk of arbitrary profile is discussed for the case of a nonideal 
thermal contact between the plate and the disk. Heat transfer accord- 
ing to Newton's law takes place between the plate and the ambient me- 
dium. 

Let a disk of arbitrary configuration be soldered 
into a thin elastic unbounded plate. Between the plate 
and the disk, there is a thin intermediate layer; heat 
transfer, symmetrical with respect to the middle sur- 
face, takes place with the ambient medium according 
to Newton' s law. We substitute a physical curve L with 
normalized thermophysical parameters for the inter- 
mediate layer. The problem of determining a general- 

ized two-dimensional temperature field T(x, y) in such 
a plate reduced to the solution of the equation 

02T 027 , 
- - -  4-, - -  -- • T = - -  • tm (1) 

Ox ~ Og 2 

for certain specific conditions at infinity and on the 
curve L of the joint. 

The general solution to Eq. (i) is chosen in the 
form 

T (x, V) = t (x, V) + t* (x, V), (2) 

where t is the solution of a homogeneous equation that 

corresponds to Eq. (i). 

We assume that at infinity t(x, y) ~ 0 and thatatthe 

contour L, t satisfies the conditions of nonideal ther- 

mal contact [2, 3]: 

where 

O~ ')~1 or- ) 
X~ 0~o (t+ + t-) + 2 ( 0%0t+ )~, ~ = fl (so), 

02 ( ~.~ On ~ + ~o -o j  ~ (t+--t-)  + 6 or+ 

Ot~_- \ 
+ )~2 I - -  12h (t + - -  t-) = f2 (So), 

0% t, 

02t * Or* ] 
f l (So)=--2  ~'o 0~o- + (;%-~'2) On ~ j ;  

(3) 

or* 
f.. (So) = - -  6 ()~1 + ~ . 2 ) - -  (4) 

On o 

T h e  s o l u t i o n  to the  h o m o g e n e o u s  e q u a t i o n  

A t - - •  = O, (5) 

that satisfies the conditions at the contour (3) and van- 

ishes at infinity is taken in the form 

t (x, y) = v (x, y) + u (x, v), (6)  

w h e r e  

v (x, y) = ~'~-n p (s) Ko (• r) ds; 

L 

(7) 

_ 1 _~n Ko(• u(x, v) - ~-2~ t ~ ,e(s) (8) 
t )  
L 

T h e  f u n c t i o n s  v(x, y) and  u(x,  y) a r e  t he  s o l u t i o n s  of the  
h e a t - c o n d u c t i o n  e q u a t i o n  f o r  a p l a t e  w i th  h e a t  t r a n s f e r  
u n d e r  the  a c t i o n  of s o u r c e s  and d i p o l e s  h a v i n g  the  d e n -  
s i t i e s  p(s)  and  7(s) ,  r e s p e c t i v e l y ,  l o c a t e d  on c u r v e  L. 
T h e s e  f u n c t i o n s  a r e  a n a l o g s  of the  l o g a r i t h m i c  p o t e n -  
t i a l s  of s i n g l e  and  doub le  l a y e r s ,  w h i l e  f o r  a t h e r m a l l y  
i n s u l a t e d  p l a t e  ( ~  = 0), t hey  r e d u c e  to o r d i n a r y  p o t e n -  
t i m  s. 

S i n c e  t he  f u n c t i o n s  v(x, y) and  u(x, y) p o s s e s s  the  
p r o p e r t i e s  of p o t e n t i a l s  of s i n g l e  and  doub le  l a y e r s ,  
we ge t  the  fo l l owing  e x p r e s s i o n s  f o r  t h e i r  l i m i t i n g  
v a l u e s  a t  the  c o n t o u r  L: 

v + (so) = ~ p (s) Ko (• r)  ds, 
L 

u• = • ~ -  V(So) + - ~  y ( s ) s i n a K l ( •  (9) 

L 

Taking into consideration the properties of the func- 
tions K0(~4r) and Kl(~4r ), the limiting values of the nor- 

mal derivatives and second tangential derivatives of 
the functions v and u can be obtained as: 

dv • = + 1 ~ t" dn o ' - 2  P (So) + ~ - n ,  p (s) sin a o K1 (• r) ds, 
L 

du_~_ • --  " j" ~' (s) cos % K1 (~ r) ds - -  
dn o 2~ 

L 

2~ ~ (s) cos (a + %) Ko (• r) ds, 
L 

ds~ - 2n p' (s) cos a K1 (~ r) ds + 
L 
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X ~ [ sin 2 a - -  sin e % 
+ ~-g p (s) 2 - - -  

L 

- - k s i n a  + k o s in%]  K~(• 

- -  2~-  p (s) (cos -~ ~ -- cos ~- %) Ko (• r) ds, 
L 

d2~ • 1 

+ 7' (s) k o cos % - K~ (• r) ds + 
I" 

L 

• ; [ s inacos2% 
+ ~ v (s) r 

L 

- -  ~o cos (a + % )  ] Ko (• r) ds + 

X3 t ~ § ~ -  y (s) sin a cos ~ a o K1 (• r) ds. (10) 

L 

AII i n t e g r a l s  in f o r m u l a s  (10), whieh con ta in  the ex -  
p r e s s i o n s  cos c~ Kl(Xr) and cos  c% K~(• should be u n -  
de r s tood  in the s e n s e  of the p r i n c i p a l  va lue  a c c o r d i n g  
to Cauchy.  

Subs t i tu t ing  (9) and (10), with MIowance for  (6), 
into b o u n d a r y  cond i t ions  (3), we get  the fo l lowing s y s -  
tern of s i n g u l a r  i n t e g r o d i f f e r e n t i a l  equa t ions  def in ing  
p(s) and y(s): 

; { [  ] '1 % - . + Xo• y' (s) cos sin 2% 
r 

L 

+ p' (s) cos a + p (s) [~1 sin a o -- 

- - k s i n a + 2  sin~a-- sin2% ]} Kl(~r)ds 

+ Z,o• ; { , (s) [ Si: a sin 2% -- rt cos (a + %) ] --  
L 

- -  p (s) [cos ~ e - -  cos~aol } Ko (• r )  ds + 

+ X,• s ~ y (s) sin a cos ~ a o K~ (• r) ds - -  

L 

- ~ ( z ,  + x~) p (so) = ~ h (so), 

zoY" (so) - -  12h  y (so) - -  3 (;kz - -  ~ )  p (so) + 

3x (Zq~+ s . S Iv' (S) cos a o. + p (s) sin %1G (u r) ds --  
L 

. . . .  3• (~,, -!- i%) ~ y(s)cos(a +ao)Ifo(• = 

L 

= h(so) ,  (11) 

w h e r e  ~/=k o + (k I - %z)/X0" 

Setting X I :~'2 in (ii), these equations will hold also 

for an open contour.~ In this case, in order that the 

temperature and its normal derivative be continuous 

at the end points of the contour, the densities p(s) and 
y(s) must vanish at these points. 

It is noteworthy that, for • = 0, Eqs. (ii) coincide 
with Eqs. (19) in [i] if the latter are somewhat trans- 
formed. 

Eqs. (ii) are appreciably simplified when the con- 
tact thermal conductivity k 0 = 0--i.e., when for the 
intermediate layer the heat fluxes between the plate 

and the disk are equal and proportional to the bound- 
ary-temperature difference. Specifically, if the plate 

contains a linear inclusion (for example, a heat-con- 
ducting crack) instead of a disk, then for k 0 = 0, from 

the first equation of the system (ii), we get P(S0) = 0, 
while the second equation of the system takes the form: 

--~h V (so) - -  ~-• [ y '  (s) cos % K~ (• r) ds + 
zaz ,j 

L 

+ ~ "r (s) cos (c~ + %) t(o (~ r) ds = at--Z*- 
(?n o 

L 

(12) 

In the case  of a r e c t i l i n e a r  i nc lu s ion  of length  2l, 
loca ted  a long the Ox-ax i s  s y m m e t r i c a l l y  to the o r i g i n  
of the c o o r d i n a t e s ,  Eq. (12) is  wr i t t en  as  fol lows:  

l 

- - i  

l 

~2 ; Ot* 
+ ~ z  Y(~)K~ Oy (13) 

- - l  

w h e r e  w = z(~ - x). 
F i n a l l y .  we f ind the t e m p e r a t u r e  f ie ld  in  a p la te  

with a c i r c u l a r  d i sk  of r a d i u s  R. P o s t u l a t i n g  a = c%, 
k =k  0 = l / R ,  r =2R s in  a in s y s t e m  (11), we get 

2~ 
(Lz - -  ~2) g~ (9o) + • j' P' (9)  cos  a Kz (• r) d 9 - -  

0 

- -  •  (z~ - -  z~) e~ (90) + 

2~ 

+ ~ ~.o • 7' (9) sin 2a K0 (• r) d 9 - -  
0 

- -  n (x~ + z~) p (9o) = ~ h (%), 

~o y,, 
R-- F (%) - -  12h ~ (90) - -  3 (~,~ - -  ~ )  p (90) + 

§ 3• + ~ )  Igl(%)-----• = re(90), (14) 

where 

2~ 

g~ (90) = J' [~?' (9) cos a § Rp (9) sin a] K, (• r) d 9; 
0 

SThis means that the plate contains a thin inclusion 
of adifferent material, distributed alongthe curve L. 
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2~ 

i g~(%)= 7(r cos2aKo(zr )d% a - -  ~ -  % 
2 

0 

A s s u m e  that f~(q~) and f2(q~) ma y  be r e p r e s e n t e d  in 
the f o r m  of an abso lu t e ly  c o n v e r g i n g  s e r i e s ,  as  fol lows:  

L ( ~ ) = ~  f~i)(R)cosnm (i=1, 2). (15) 
n = 0  

The solution of system (14) is taken as: 

P ( q ~ ) = i  A~cosn% 7 ( q ~ ) = ~  B~cosn% (16) 
n =  0 n =  0 

We subs t i tu te  (16) into (14) and eva lua te  the i n t e -  
g r a l s ,  u s ing  a f o r m u l a  for  adding the func t ion  K0(~r) 
[5, p. 355]. Equa t ing  the coef f ic ien t s  of l ike c o s i n e s ,  
a f t e r  c e r t a i n  t r a n s f o r m a t i o n s ,  with the  aid of a r e l a -  
t ion be tween  B e s s e l  func t ions  [6], we get 

M~Q~, -}- N~p~ ' 

p.[(,) __ Qj~2) 

B,~ - -  M,~Q,~ -1- N~ p~ ' 

n 2 
M~ = ko ~ -  - -6 (Z ,  + Z2)• + 12h; 

w h e r e  

17, • 
N,, = L o ~ ( K . + ~ I . + t -  K~_,I~_,) -F 2 (;~ - -  ;%) • RK~,I'~; 

p,, -- 6 [(~.~ + ~r • RK'J .  -]- ;% ] .  

Here ,  ~ R  i s  the a r g u m e n t  of the func t ions  K n and 
In,  whi le  the p r i m e  deno te s  the d e r i v a t i v e s  of th is  a r -  
gument .  

C o n s i d e r i n g  c e r t a i n  a sympto t i c  e x p r e s s i o n s  for  the 
B e s s e l  func t ions  and t r e a t i n g  the l a t t e r  as  func t ions  of 
t he i r  a r g u m e n t s  [6], for  n ~ 0% we get 

t = R ~ [Ajn  (• R) --  • B~I'~ (• R)] K~ (• cos n 
n = 0  

(o > R). (z8) 

The l a t t e r  s e r i e s  conve rge  un i fo rmly .  Indeed,  by 
se t t ing  in them cos n~  = 1, p =R,  and c o n s i d e r i n g  that  
In(zp)  <- In(~R) for  p _< R, and Kn(~  p) <_ Kn(~R) for  
p -> R, we get m a j o r a n t  s e r i e s w h i c h , b y  v i r t ue  of the 
a f o r e s a i d  condi t ions ,  conve rge  absolu te ly .  Th i s  con-  
f i r m s  our  p r e v i o u s  a s s e r t i o n .  

Let  us  e x a m i n e  the ca se  in  which a po r t i on  of the 
p la te  is  i m m e r s e d  in a m e d i u m  of cons t an t  t e m p e r a -  
t u r e  T o and the r e m a i n i n g  por t ion ,  toge ther  with the 
d isk ,  i s  exposed to a z e r o - t e m p e r a t u r e  med ium.  Then  

tr = T O [1 - -S+(g  + d)] , (19) 

w h e r e  S+(y + d) is  the Heavis ide  funct ion;  the p a r t i c -  
u l a r  so lu t ion  of Eq. (1) then  has  the f o r m  

(y) = ~ -  { 1 - -  sign (g -~- d) [1 - -  exp ( - -  • tY +dl)]}. t* 

In the r e g i o n y  > - d ,  fo r  d > R, the func t ion  t*(y) m a y  
be wr i t t en  in the f o r m  

t* (g )=  T ~  exp [ - - n ( y + d ) ]  
2 

or in polar coordinates with an axis directed along Oy, 
as follows: 

To exp (--•215 (20) t* (p, ~) = ~ -  

Substituting (20) into formulas (4), taking into con- 
sideration that (a/~n 0) = -(a/ap), (~2/8s~) = (I/R2)(02/ 
/3q~2), and expanding exp (-~p cos eft) into a series in 
Bessel functions [6, p. 59], after certain transforma- 

tions, we get fl(~p) and f2(q~) in the form (15), where 

f ( ~ I ) = 2 ( - - l ) n T o e x p ( - - •  I ~-2 +• 

ft~e) = 6 ( - -  1)~• T o (kl + X~) exp ( - - •  d) I~. 

M~--~ ~'o n ~ + 9 (kx + ~,~)-~- + 12h, 
R 

n 
N~ ~ 3 (k~. - -  Z1) - - ,  

R 

The argument of function In is ~R, while the prime 
denotes the derivative of this argument. 

From known f~)" and f(n 2), we obtain An and Bn; then 
the temperature field is defined by expressions (18). 

On --~ ~'~ n+(3Z2--5X1),  pn--~---3(Za+3k2).  (17) 
R 

F r o m  the abso lu te  c o n v e r g e n c e  of s e r i e s  (15) and 
f r o m  the fo rm of e x p r e s s i o n  (17), i t  fo l lows that  s e r i e s  
(16) a r e  abso lu t e ly  convergen t .  

Knowing p(~) and y(q~), f r o m  f o r m u l a s  (7), (8), with 
a l lowance  for  (6), we obta in  the d i sk  and p la te  t e m -  
p e r a t u r e s :  

m 

t = R ~ [A~K,~ (• R) - -  • B,K'~ (• R)] I~ (• cos n r 
n = 0  

(,o < R), 

NOTATION 

T(x ,y )  is  the t e m p e r a t u r e  of p la te  with disk;  
tm(x,  y) is  the a m b i e n t  t e m p e r a t u r e ;  t ' i x ,  y) is  a f unc -  
t ion c h a r a c t e r i z i n g  the p e r t u r b a t i o n  of the t e m p e r a -  
t u r e  f ield in the p r e s e n c e  o f t h e d i s k ;  42 = c~i/SXi(sub- 
s c r i p t s  i = 1, 2 denote  quan t i t i e s  p e r t a i n i n g  to the d i sk  
and pla te ,  r e spec t ive ly ) ;  oz i a r e  the heat  t r a n s f e r  co-  
e f f i c ien t s ;  M a r e  the t h e r m a l  conduc t iv i ty  coef f ic ien t s ;  
25 is  the p la te  th i ckness ;  ~0 is the r educed  t h e r m a l  
conduc t iv i ty  of the i n t e r m e d i a t e  l ayer ;  h is  the t h e r -  
m a l  conduct iv i ty ;  s and s o a r e  the a r c  coo rd ina t e s  
of poin ts  N and M0 on curve  L; n and n o a r e  the 
i n n e r  n o r m a l  to L at po in ts  N and M0, r e spec t i ve ly ;  

992 



p(s) and V(s) are the density of sources and dipoles 
located on curve L, respectively; r is the spacingbe- 
tween point N on curve L and an arbitrary point of the 
plane xOy; K0(sr), Ki(sr) are the MacDonald functions 
of first and second order, respectively; c~ and s 0 are 
the angles formed by vector IV[0N and the positive tan- 
gents to L at points N and M0, respectively; k and k 0 
are the curvatures of L at these points; (p, ~) are the 
polar coordinates; superscripts + and - denote limit- 
ing values of quantities when approaching curve L from 
the side of the disk or plate, respectively. 
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